I. INTRODUCTION
The solution of the Schrödinger equation with position-dependent effective mass (PDEM) for an arbitrary central potential has attracted attention over the past years (cf., e.g. [1] and the references therein). The motivation in this direction arises from considerable applications in the different fields of the material science and condensed matter physics. For instance, such applications in the case of the bound states in quantum system [2] , the nonrelativistic Green's function for quantum systems with the position-dependent mass [3] , the Dirac equation with position-dependent mass in the Coulomb field [3] , electronic properties of semiconductors [4] , 3 He cluster [5] , quantum dots [6] , quantum liquids [7] , graded alloys and semiconductor heterostructures [8, 9] , the dependence of energy gap on magnetic field in semiconductor nano-scale quantum rings [10] , the solid state problems with the Dirac equation [11] , etc.
Almost all of those works mentioned above were focused on obtaining the energy eigenvalues and the potential function for the given quantum system with the PDEM function. The wave functions were either obtained by the solutions to the Schrödinger equation with the constant mass, or a few lower excited states were obtained by acting of the creation operator on the ground state. The effective potentials are the sum of the real potential form and the modification terms emerged from the location dependence of the effective mass [12] .
Taking into consideration the PDEM, the main concern, in this work, is in obtaining the energy spectra and/or wavefunctions of the D-dimensional Schrödinger equation with a given PDEM for central potentials by the point canonical transformation (PCT) approach [1] . In modern theory, high dimensions are also of interests in many fields [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
In this work, we employ the PCT to solve the D-dimensional Schrödinger equation with PDEM for the pseudoharmonic [26] [27] [28] [29] [30] [31] and modified Kratzer [32] [33] [34] [35] [36] [37] potentials through mapping this wave equation into the well-known exactly solvable D-dimensional Schrödinger equation with constant mass for a given PDEM function [1] . Indeed, the PCT approach has enabled us to obtain the exact effective mass bound state solutions including the energy spectrum and corresponding wave functions in any dimension for the exactly solvable classes of quantum molecular potentials.
This work is organized as follows: in section 2, we introduce the methodology. Section 3 is mainly devoted to obtain the exact bound state energy eigenvalue and eigen function solutions of the D-dimensional Schrödinger equation with a given PDEM function for two exactly solvable diatomic molecular potentials. We give a few concluding remarks in section 4.
II. METHODOLOGY
The D-dimensional PDEM Schrödinger equation for a central potential V (r) takes the
where the position-dependent mass distribution m(r) is a real function. Here the wave functions ψ
(x) belong to the energy eigenvalues E and V (r) stands for the Ddimensional standard central potential in the configuration space coordinates. Here r repre-
. Atomic units will be used throughout, with h/2π = = m 0 = e = 1. Going over to a spherical coordinate system with D − 1 angular variables and one radial coordinate we can write [21] [22] [23] [24] [25] 
where
( x) represents contribution from the hyperspherical harmonics that arise in higher dimensions with x represents the D-dimensional position vector. With the substitu-
and the wave functions (2) into Eq. (1) will result in the following time independent Ddimensional PDEM l D th partial wave radial Schrödinger wave equation
where m ′ (r) = dm(r)/dr and the transformation l
stand for the D-dimensional angular momentum and Laplacian, respectively. Moreover, the D = 1 can be obtained through inserting l = 1 and 0 or l D = 0 and −1. In the present work, we are concerned in bound states, i.e., E < 0. We also should be careful about the behavior of the wave function R(r) near r = 0 and r → ∞. It may be mentioned that R l (r) should be normalizable [8] . Obviously, it can be shown, most readily, that for a constant mass, i.e., m ′ (r) = 0 case, the above equation with potential function V (s), angular momentum Λ(l) and energy spectrum E reduces to the usual case of independent-position mass: [19, [21] [22] [23] :
Consequently, the solutions for a particular central potential V (s) are the same as long as D + 2Λ(l) remains unaltered. For example, the s-wave eigensolution ( R 0 ) and energy spectrum ( E) in four-dimensional solutions are identical to
. For more detail on inter-dimensional degeneracies the reader may refer to, e.g. [19, 23, 38, 39] . We apply the following point canonical transformation (PCT) s → r (i.e., mapping function s = q(r))
with the substitution of the wave function
into Eq. (5) and after some simple algebra, the transformed Schrödinger equation becomes
where the primes denote differentiation with respect to r. Further, comparing Eq. (7) with Eq. (4), we find the following PCT transformations:
and
. Therefore, Eq. (6) and Eqs. (8)- (11) can be also found for any potential system with PDEM.
We solve the D-dimensional PDEM Schrödinger equation exactly for two potentials: the pseudoharmonic potential [26] [27] [28] [29] [30] [31] and the modified Kratzer molecular potential [32] [33] [34] [35] [36] [37] . The transformation function g(r) will be found for the given effective mass function m(r) = m 0 r λ and the selected PCT function q(r) = r ν .
A. pseudoharmonic potential
The pseudoharmonic potential is given by [26] [27] [28] [29] [30] [31] 
as a reference potential where V e = 
with
1) where n = 0, 1, 2, · · · and l = 0, 1, 2, · · · signify the usual radial and angular momentum quantum numbers, respectively and A n,l being the normalization constant. Here F (−n, k + 1, x) is a confluent hypergeometric function. We follow Ref. [1] by taking the power law PDEM function m(r) = m 0 r λ and the PCT function q(r) = r ν , where m 0 is the rest mass and λ and ν are two non-zero real parameters. We consider only the case where
is constant for which ν = 1 + λ/2, λ = 2 to avoid position-dependent energy. Inserting them into Eq. (6) and Eqs. (9)- (11), we obtain
where η = √ κ/2 = 2m 0 C/(2 + λ) with C = νη/m 0 is a real potential parameter and Λ(l) is
The radial wave function (17) 
where n, l = 0, 1, 2, · · · . The pseudoharmonic potential can be treated exactly in three as well as in one and two dimensions. We note the special cases D = 1, 2 and 3. For D = 2, with the customary notation l = M and r = ρ :
Furthermore, for constant mass case (λ = 0):
which are identical to with those given in Ref. [28] . For D = 3 :
where n, l = 0, 1, 2, · · · and inserting λ = 0:
which are identical with those given in Refs. [26, 27, 33] . For D = 1 (s-wave):
and inserting λ = 0 :
where n = 0, 1, 2, · · · .
B. modified Kratzer molecular potential
The modified Kratzer potential is [32-37]
as a reference potential. The eigenvalue problem (5) 
with a = 1/ (4V e r e ) and B l is the normalization factor. The wave number k for the modified Kratzer (pseudo-Coulomb) spectrum under consideration is
The PDEM function m(r) = m 0 r λ and the PCT function q(r) = r ν are same as before.
Inserting them into Eq. (6) and Eqs. (9)- (11), we obtain
exp −γr
2 + 32m e r 2 e P ; 2γr
V e is a real potential parameter and
which are identical with those given in Refs. [32, [34] [35] [36] when λ is set to zero. The new angular momentum Λ(l) is as given in Eq. (18) . Particularly, setting λ = 0 with P = V e /m 0 into Eqs. (39)- (41),we recover the constant mass Eqs. (35)- (37). This manifests the generality of our solution for the mass function given by m(r) = m 0 r λ . We note the special cases D = 1, 2 and 3. For D = 2, with customary notation l = M, we obtain
with γ 1 = 16m 0 r e P (2 + λ)
wher n, M = 0, 1, 2, · · · . Further, when λ = 0
e exp (−γ 1 r) F −n, 1 + 2 4M 2 + 2V e r 2 e ; 2γ 1 r ,
where P = V e /m 0 is a real potential parameter and
which are consistent with those given in Ref. [28] . For D = 3 :
and 
For D = 1 (s-wave):
γ 3 = 16m 0 r e P (2 + λ) 
